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We study the permanence of the properties Pit(A)= Pic(A[T]) (seminormality) and Pi@) 
=Pic(A[T, 7-t)) (quasinormality) to a finite abelian group ring over the ring A, generalizing 
results of Bass-Murthy and Pedrini. 
Introduction 
A commutative rroetherian reduced ring A is said to be seminormal (resp. quasi- 
normal) if its integral closure is a finite A-module and the canonical homomorph- 
ism of the Picard groups Pic(A)-rPic(A[T]) (resp. Pic(A)+Pic(A[T, T-l])) is an 
isomorphism. 
In this paper we study seminormality and quasinormality of a group ring An, 
where II is a finite abelian group of order m. 
A complete result is given for seminormality (Theorem 3.1): A TI is seminormal if 
and only if A is seminormal, m is A-regular and A/mA is reduced (possibly zero). 
When A = Z this is a consequence of a Theorem of Bass-Murthy (51, while in the 
one-dimensional case it is due to Pedrini [20]. Both these results are obtained by 
using Algebraic K-theory. 
Here we use a geometric definition of seminormality, equivalent o the previous 
one, which was introduced by Traverso [25] and coincides, in characteristic zero, 
with the “weak normality” of Andreotti-Bombieri (11. This allows to give a pure 
“Commutative Algebra” proof of the above result. 
This is achieved in the first three sections. Precisely in Section 1 we recall the 
geometric definition of seminormality along with some results contained in [12], 
and we give a characterization of the local one-dimensional seminormal Gorenstein 
rings which is essential later (Proposition 1.9). 
In Section 2 we give some properties of abelian group rings, with special reference 
to the properties of the fibers of the canonical homomorphism A +A n, and to the 
finiteness of the integral closure. 
l This work was supported by CNR. 
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In Section 3 we prove the above mentioned Theorem. First we assume A is a non 
equicharacteristic DVR, and n a p-group, where p is the residue characteristic of A 
(Lemma 3.2): for this we use the fact that A 71 is a local Gorenstein rings, so that we 
can apply 1.9. Next we reduce the general case to the previous one by using 
properties of the fibers and the results of Section 1. 
The last two sections deal with quasinormality. This property is not a well 
behaved one, especially in dimension > 1 (see Pedrini [23]), and our results are 
either valid in dimension 1 or negative. 
In Section 4 we show that the techniques employed by Pedrini in (221 (invoIving 
Algebraic K-theory) can be simplified by using the notion of locally unibranche 
domain, and give actually a more general result, namely: a one dimensional domain 
is quasinormal if and only if it is seminormal and locally unibranche (Theorem 4.5). 
This allows a complete description of the quasinormal Gorenstein domains of 
dimension 1 (Corollary 4.10). 
In Section 5 we give a new simpler proof of a result of Pedrini [21, Theorem 11, 
without K-theory: if A is a quasinormal ring containing an algebraically closed field 
and m is prime to the characteristic, then An is quasinormal (Proposition 5.1). If A 
does not contain a field the only known positive result works when A is a Dedekind 
domain (see 5.2, which is taken from [21]). We shall see that this can hardly be 
improved, in dimension 1, by showing that A can be a quasinormal domain without 
An being so, even if mA =A (that is An is &ale over A), or mA is a prime ideal (5.3, 
5.4). These examples are sunable localizations of 2 [l/is] and are worked out by the 
aid of the characterization of quasinormal domains given in Section 4, and of a 
criterion for the seminormality of a ramified covering given by Chiarli [8, 91. 
Convention and notations 
All rings are assumed to be commutative with 1 and noetherian. 
If A is a reduced ring we denote by A the integral closure of A in its total ring of 
fractions. If A =ii we say that A is normal. 
If p E spec(A) we denote by k(p) the residue field of AD; iff: A +B is a ring homo- 
morphism we call “fiber off at p” the k(p)-algebra k(p)&B (and not its spectrum 
as in [13] and [17]). 
For general references of Commutative Algebra we rely on (6, 7, 13, 17, 181. For 
the theory of Gorenstein rings see [3] and [14]. 
We shall frequently use the following result: 
0.1. Let f:A+B be an etale homorphism [13, 17.3.11. Then 
(i) If A is reduced, then B is reduced. 
(ii) If A is reduced, then there is a canonical isomorphism B&A = i?. 
(iii) If A is normal, then B is normal. 
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Proof. Since an etale homomorphism is regular and hence normal by definition, the 
conclusion follows by [13, 6.14.51. 
1. 
We recall some facts from the theory of seminormal rings, and we prove a propo- 
sition on seminormal Gorenstein rings (1.9) which is essential in the next sections. 
1.1. Definition. Let B be a finite overring of the ring A. The seminormalization of A 
in B is the largest ring C between A and B such that the canonical morphism 
spec(C)+spec(A) is bijective and with trivial residue field extensions. 
A is said to be seminormal (SN) in B if and only if A = C (see [25] or [12]). 
1.2. Definition. (i) A ring A is said to be a Mot-i ring if it is reduced and its integral 
closure is finite. 
(ii) A ring A is said to be seminormal (SN) if and only if it is a Mori ring, and is 
SN in its integral closure [ 12, 251. 
Now we list some results which will be useful later. 
1.3. If A is SN in B and b = AnnA(B/A) is the conductor, then B/bB and A/b are 
reduced [25, 1.71. 
1.4. (i) If A is SN in B then A is SN in every ring C between A and B [25, 1.51. 
(ii) If A is SN and C is a ring between A and its integral closure, and verifies Sz 
(e.g. dim(A)= 1) then C is SN. Likewise for any component of A which is Sr [12, 
2.8, 2.91. 
1.5. (i) If A is SN and S is a multiplicative part of A, then S-r.4 is SN [25, 2.41. 
(ii) A is SN if and only if it is Mori and A, is SN whenever depth@,) = 1 [12,2.7]. 
1.6. Let f: A -A ’ be a ring homomorphism. Then: 
(i) iffis faithfully flat and A’is SN, then A is SN [12, 1.71. 
(ii) iffis normal (e.g. etale, see [13, 17.31) and A is SN, then A’is SN [12, 5.81. 
1.7. A Mori ring is SN if and only if the canonical homomorphism Pit(A) 
+Pic(A [ T]) is an isomorphism, where T is an indeterminate (see [25]). 
1.8. Let (A,m,k) be a local one-dimensional Mori ring. Then the following are 
equivalent (see [12, 8.1)): 
(i) A is SN and Gorenstein (see (31); 
(ii) m=rad(A) (in particular m is the conductor) and either: 
(a) A is local and its residue field is a quadratic extension of k, or 
(b) A has exactly two maximal ideals ml, mz and A/m, = k for i= 1,2. 
We conclude with the following consequence of 1.8, which is essential in the future. 
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1.9. Proposition. Let (A, m, k) be a one-dimensional reduced local ring. Then the 
following are equivalent: 
(i) A is Gorenstein SN and is not a domain; 
(ii) A has exactly two minimal primes pi,pz, and moreover A/pi is a DVR for 
i=1,2andpl+pz=m. 
Proof. (i) = (ii). Since A is not a domain, by 1.8 we have A = A1 x A2 where A; is a 
DVR with residue field k for i= 1,2. Then A has exactly two minimal primes pi, pz 
and A; is the integral closure of A/pi. By 1.4 A/pi is SN and since its residue field is 
equal to k it follows from 1.3 and Nakayama’s Lemma that Ai = A/pi, so that A/pi is 
a DVR. 
Let now a E m. Since m is the conductor (by 1.8) we have: for any (x1,x2) EA there 
is b E A such that axi is congruent to b mod pi for i= 1,2. In particular if 
(~1.~2) = (LO) this implies a E pi + p2. Thus m = PI + p2. 
(ii)=(i). Clearly A =A/pi x A/k, and hence A is Mori. ,Moreover we have 
rad(A) = m/p1 x m/pz, and if (x,y) E rad(A) we have XI a mod pi and y= b mod p2, 
where a, b E m. Write a = al + az, b = bl + b2 where ai, b; E pi. Then x=az + bl mod PI 
and y E a2 + 61 mod pz. This means that rad(A) c A, and the conclusion follows from 
1.8. 
1.10. Remarks. (i) Proposition 1.9 is certainly related to Theorem 1 of Davis [lo]. Is 
it possible to prove it (and eventually to generalize it) by using Davis’ result? 
(ii) The minimal primes of A in 1.9 are principal: indeed pi = pi/p~ np2 =m/p? 
which is generated by a single element as A/p2 is a DVR. 
2. 
We give some properties of the group rings, to be used in the next sections. We are 
particularly interested in properties of the fibers (2.2, 2.6) and on the fineteness of 
the integral closure (2.7). Some of the material in this section is well known, but 
with a different language (see [20] and [4, p. 558ff.l). 
Recall that if A is a ring and n is a group, the group-ring An is the free A-module 
over the set 7c with the multiplication induced by the operation in x. 
In the following A is a ring, and rr is a finite abelian group of order m. We denote 
by B the group ring An (which is clearly commutative and noetherian). 
2.1. Lemma. (i) If A-A’ is a ring homomorphism then A’n 2 A’@,,iB. 
(ii) If n = n’ x rt” there is a canonical isomorphism B z (A n‘)n”. 
(iii) If n is cyclic, then BzA[[XI/(X”‘- 1). 
Proof. Left to the reader. 
2.2. Lemma. (i) The canonical homomorphism f: A -B is faithfully fiat and finite. 
(ii) The fibers off are zero-dimensional complete intersections. In particular they 
are Gorenstein and Cohen-Macaulay. 
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Proof. (i) is clear. Moreover if DE spec(A) the fiber offat p is k@)@,J?. Hence by 
2.1 it is isomorphic to k(p)[Xt, . . . . X,,]/(Xy’ - 1, . . . . Xp - I), where z= rrt x .-+ x rrn, 
rti cyclic of order m;. Since the n polynomials involved form a regular sequence, the 
conclusion follows. 
2.3. Corollary. (i) If ‘p~spec(B) and p=+J_JflA we have: dim(A,) =dim(B>) and 
depth(A,) = depth(&). 
(ii) A is S, if and only if B is S,,. 
(iii) A is Gorenstein if and only if B is Gorenstein. 
Proof. Since the fibers off are zerodimensional (i) follows from (17, (13.B)], and (ii) 
follows from [17, (21.C)]. Finally (iii) follows from [14, 9.61. 
We recall the following well known proposition. 
2.4. Proposition. Let R be a ring and let f(x) E R[X) be a manic polynomial. Put 
S = R[Xl/(f). Then: 
(i) S is etaie over A if and only if (f((x),f’(x)) = R[X’j. 
(ii) If R is local with residue field k, then S is etale over R if and only if the image 
off in k[Xj is a separable polynomial. 
Proof. For(i) see [13, l&4.3]; as for (ii) it follows from (i) and Nakayama’s Lemma 
applied to the finitely generated module S and its Submodulef’S. 
2.5. Corollary. B is an etale A-algebra tf and only if mA = A. 
Proof. Since a composition of etale homomorphisms is etale [13, 17.3.31 we may 
assume 71 cyclic, and hence B = A[XJ/(P - 1) (Lemma 2.1). The conclusion follows 
from 2.4 with an easy computation. 
2.6. Corollary. (i) If B is SN, then A is SN. 
(ii) If A is SN and mA =A, then B is SN. 
Proof. (i) follows from 2.2 and 1.6.(i), while (ii) follows from 2.5 and 1.6.(Z). 
2.7. Lemma. The following conditions are equivalent: 
(i) A is reduced (resp. Mot-t), and m is A-regular (i.e. multiplication by m is 
injective) 
(ii) B is reduced (resp. Mart]. 
Proof. (i) * (ii). Assume A is reduced and m is A-regular. Then A is SI, whence B is 
St by 2.3.(ii), which means that all the primes associated to B are minimal. Let ‘% be 
such a prime, and put p=‘pnA. Then p is minimal by 2.3.(i), and since mA, = A, we 
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have that AD-*A,@J3 is etale by 2.1 and 2.5. Thus &=k(7)) is a separable 
algebraic extension of A,=k(p) 113, 17.15.111. It follows at once that E is reduced. 
Moreover the integral closure of B/‘$ in its quotient field k(P) coincides with the 
integral closure of A/p in k(v). Thus if A is Mori this integral closure is finitely 
generated over A/p (e.g. [18, 10.161). and a fortiori over B/‘$. It follows easily that 
B is Mori. 
(ii)=(i). Clearly A is reduced if B is such. In particular all the primes associated 
with A are minimal. Hence if m is not A-regular there is a minimal prime p of A such 
that ply E p for some prime divisor p of m. Let x be a nonzero element of rr having 
order p. Then 1 -XE k@)n is nonzero and nilpotent. But by 2.1 k(p)n =APn 
= A,&B and hence it is a localization of B, a contradiction. Thus m is A-regular. 
Finally if B is Mori it is easy to see that A is such, since by flatness the integral 
closure of A is contained in the integral closure of B. 
3. 
In this section we prove the following theorem: 
3.1. Theorem. Let A be a ring and let II be a finite abelian group of order m. Let B 
be the group ring An. Then the following conditions are equivalent: 
(i) B is SN; 
(ii) A is SN, m is A-regular and A/mA is (either zero or) reduced. 
In order to prove 3.1 we need two Lemmas: 
3.2. Lemma. Let (A, m, k) be a DVR of characteristic zero, and assume k has charac- 
teristic p # 0 (so that pA #A). Let z be a non-zero abelian p-group, andput B = A R. 
Then: 
(i) B is a local Mori and Gorenstein ring of dimension 1. 
(ii) B is SN if and only if z has order p and pA = m. 
Proof. By 2.3 and 2.7 B is Gorenstein and Mori. Moreover mBCrad(B) as B is 
integral over A, and B/mB = klr by 2.1. Write n = III x -1. x nnr where n; is cyclic of 
order e;. Then by 2.1 kx = k[XI, . . . . X,,]/(xl - 1, . . . . e - l), which is local, since 
each ei is a power of p. Thus B is local and (i) is proved. 
To prove (ii) assume first that n has orderp, and that pA = m. We shall prove that 
A is SN by showing that it verifies condition (ii) of 1.9. By 2.1 we have 
B=A[X]/(Xp- l)=A[x]; then maximal ideal of B is n=@,x- 1). Write Xp- 1 
= (X- iv(X). Then by the Eisenstein criterion [ 17, (31.1 l)] applied to f( 1 + Y) and 
to p = m, we have that f is irreducible and hence prime in A[N. It follows that the 
minimal primes of B are exactly p = (x- 1) and q = v(x)). Moreover the imageJoff 
in k[Xj is a separable polynomial and hence B/q = A [Xj/cf(X), is an etale A-algebra 
by 2.4, and is normal by 0.1. Thus B/p=A and B/q are DVR’s. Moreover as 
I(x) = (X- I)g(X) +pl~ it follows that p + q = n, and B is SN by 1.9. 
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To prove the converse assume first that n is cyclic of order p’, so that 
B=A[XJ/(P’- 1). Since B is not a domain, but is local and Corenstein by (i) and 
SN by assumption, it has only two minimal primes (by 1.9) and hence e= I, and the 
minimal primes are p, q as above. Hence by 1.9 we have n = p+ q = (x- 1,for)) 
=@,x- 1). 
Let now f E m be a regular parameter of A, and put pl..t = UP where u is a unit. 
Then there are a,b~ B such that t = at” + b(x- l), and if n > 1, it follows that 
1 -at”-’ is invertible, whence TV (x- I), a contradiction since t cannot become a 
zero-divisor in B by flatness. Thus n = 1, and pA = m. 
To see the general case write n= ~1 x ..a x rr,,, where n; is cyclic. Since the 
canonical homomorphism AnyB is faithfully flat we have that AZ; is SN by 1.6, 
and hence x; has order p and pA = m. On the other hand n = 1, for otherwise B has 
more than 2 minimal primes, contrary to 1.9. 
3.3. Lemma. Let A be a Mori ring and let p E spec(A) be a prime ideal such that 
depth(A,) = 1, and A, is not normal. Then (here is a ring C between A and A such 
that p = AnnA(C/A). 
Proof. Let K be the total ring of fractions of A and put C= {xEK; xuCp}. IfxE C 
we have by induction Ypcp for every n. Since A is reduced and p is not minimal, 
there is a non zerodivisor t E p. Hence f.x” EA for all n’s, which means that x is 
integral over A, and A cCCA. 
Now put A’= Ap, p’= pAP, and let K’ be the total ring of fractions of A’. Then if 
C’=A,@AC we have that C’= {XE K’; xp’cp’} (direct computation). 
By assumption we have p’=(x): (Y), where x~p’ is a non zero divisor. Hence 
p’v/xcp’, for otherwise p’y/x=A, and there is aEA such that ay=x; this easily 
implies p’= aA, a contradiction since A’ is not normal. Thus y/xc C’. Moreover 
Y/X@ A’, for otherwise p’=xA, again a contradiction. Then A'# C’, and 
PE Supp(C/A). Thus p> AnnA(C/A), and since the opposite inclusion is obvious we 
are done. 
Proof of 3.1. (i) B (ii). A is SN by faithful flatness (1.6 and 2.2), and since B is Mori 
by definition, m is A-regular by 2.7. It remains to prove that mAD = pA, for all prime 
ideals p associated to mA. Let p be one such. Then AD is normal; for otherwise there 
is a ring C between A and A such that AnnA(C/A) = p (see 3.3). By flatness we have 
pB= Anns(Cn/B) (apply 2.1,2.2, and [6, p. 40, Corollary 2]), and BC Cn CAn CB. 
Hence B/pB must be reduced by 1.3 and 1.4.(i). On the other hand B/pB = (A/p)n 
by 2.1, and is not reduced by 2.7, a contradiction. 
Thus A, is normal, and is a DVR because p is associated to a principal ideal. Let p 
be the unique prime factor of M such that pA, #AD, and let n= x’x n”, where Ir’ is 
the subgroup consisting of all the p-elements of n. Then An’ is SN by 2.1 and 1.6, 
and rr’ must have order p and PA, = pA, by 3.2. The conclusion follows. 
(ii)=(i). B is Mori by 2.7. Now let pl, . . . . pn be the distinct prime factors of m such 
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that piA #A. Then m = bpl ....*p,, where b is not divisible by p; for all i’s, and hence 
bA = A. Put rr = rr’ x X” where n’ has order b. 
By 2.5 Ad = C is SN. Moreover if q is the order of rr” we have that q is C-regular 
by flatness, and since etale homomorphisms are preserved by base change and 
preserve reducedness we have also that C/qC= C/mC is reduced (see: 2.5, 0.1 and 
[13, 17.3.31). Finally we have cn”=fl by 0.1, and hence we may assume that b= 1 
and A = C. We prove that B is SN by induction on n. Assume n = 1 and put p=pI, 
By 1.5 it is sufficient to show that & is SN whenever depth(&) = 1. Let p = ?o n A. If 
PA, = A,, then (A&r is SN by 2.6, and Bq is SN because it is a localization of (A&r 
(see 1.5). 
Assume now pA,# A,. By 2.3 we have depth(A,) = 1, and since Ap/pAp is reduced 
by assumption, (A& is SN by 3.2, and BP is SN as above. 
Assume now n > 1 and put rr = rr’ x 71”. where n” has order p=pn. Put C=Ad, 
which is SN by induction. Sincep is C-regular by flatness it is sufficient to show that 
C/PC is reduced. NOW we have @i,pj)A =A if i# j, whence mA = (7piA, and every 
prime associated to mA is associated to a unique p;A. The conclusion follows easily 
from 2.7. 
3.4. Remarks. (i) Theorem 3.1 can be restated, by Traverso’s Theorem 1.7, in terms 
of Picard groups. In this version it was proved by Bass and Murthy when A = 2 [5, 
Theorem 8. lo] and by Pedrini when dim(A) = 1 [20, teorema 21. 
(ii) Lemma 3.2.(ii) is an immediate consequence of Pedrini’s theorem. We have 
preferred the present proof in order to avoid completely the Algebraic K-theory. 
(iii) In [9, Theorem 1.41 it is shown that if (A, III, k) is a DVR and x” -a E A[XJ is 
irreducible, where the characteristic of k is either zero or larger than n, then 
A[XJ/(X -a) is SN if and only if a E mq, a $ mq+ I, where qr n/(n - 1). This is a 
somewhat complementary result to our 3.2. Is it possible to unify these facts? 
(iv) If A contains a field k, then 3.1 becomes much simpler. Indeed if m is prime 
to the characteristic of k, then mA =A, and the conclusion follows by 2.5. 
Otherwise mA = (0) and B is not reduced by 2.7, hence not SN. 
(v) Observe that the conditions “m A-regular and A/mA reduced” of 3.1 imply 
that if p is a prime number whose square divides m, then pA =A. Thus ifpA #A for 
all prime divisors of m, then the above condition imply that m is square free. 
(vi) If the conditions of 3.1 are satisfied then An is SN by 1.4, since it is S2 by 2.3. 
It follows that: if A is a SN ring and m is an integer which is A-regular, and A/mA is 
reduced, then A/mA is reduced. Can this be proved without 3.1? 
4. 
In this section we show that a one-dimensional domain is quasinormal if and only 
if it is seminormal and locally unibranche (Theorem 4.5). This allows to simplify 
and generalize the main results in Pedrini [22], whose ideas are used in our proofs. 
We add several corollaries and an example of D. Ferrand which shows that quasi- 
normality is not preserved by etale extensions. 
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4.1. Definition. A ring A is said to be quasinormal (QN) if and only if the canonical 
homomorphism Pic(A)*Pic(A [T, T- ‘1) (T an indeterminate) is bijective, and 
moreover A is a Mori ring. 
4.2. Remarks. (i) A normal ring is QN [5, 5.10). 
(ii) A QN ring is SN [5, 6.41. 
(iii) A one-dimensional ring is QN if and only if it is SN and h(A) -h(A) 
=h(A/b)-&4/b), where b is the conductor and h(R) denotes the number of the 
connected components of spec(R) [5, 8.11. 
4.3. Definition. A domain A is locally unibranche (LUB) if and only if A,,, is 
unibranche [13, 0.23.1.71 for all mEMax( this is equivalent to say that the 
canonical map Max(A) -, Max(A) is bijective. 
4.4. Lemma. Let A be a one-dimensional Mori domain. Then the following are 
equivalent: 
(i) A is local@ unibranche; 
(ii) h(A/b) = h(A/b). where b is the conductor. 
Proof. Since A is Mori, the non normal maximal ideals of A are exactly those which 
contain b. The conclusion follows. 
4.5. Theorem. A one-dimensional domain is QN if and only if it is SN and LUB. 
Proof. It is an immediate consequence of 4.2.(iii) and 4.4. 
4.6. Corollary ([22, Teorema 21). Let A be a QN domain of dimension 1, and let S 
be a multiplicative subset of A. Then S- ‘A is QN. 
Proof. Apply 4.5 and 1.5.(i). 
4.7. Corollary. Let A be a one-dimensional domain. Then the following are 
equivalent: 
(i) A is QN; 
(ii) A,,, is QN for all maximal ideals m of A; 
(iii) A, is SN and unibranche for all maximal ideals m of A. 
4.8. Lemma. Let (C, tn, k) be a local one-dimensional domain where k is algebrai- 
cally closed. Then C is normal if and on/y if it is SN and unibranche. 
Proof. If C is unibranche then C is a local ring with residue field k, and is finitely 
genarated as an A-module. The conclusion follows by 1.3 and Nakayama’s Lemma. 
4.9. Corollary ([22, Teorema 11). Let A be the coordinate ring of a reduced and 
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irreducible affine curve over an algebraically closed field. Then A is QN if and only 
if it is normal. 
Proof. Apply 4.8 and 4.7. 
4.10. Corollary. Let f: A + B be a faithfully fiat homomorphism of one-dimensional 
domains. If B is QN, then A is QN. 
Proof. It follows from 4.5, since “SN” and “LUB” descend by faithful flatness 
(1.6, and [ll, 2.61). 
4.11. Corollary. Let A be a local one-dimensional Gorenstein domain containing a 
field. Then the following are equivalent: 
(i) A is QN; 
(ii) A = k[[X, VI/(X’ + u Uz). where u is in k, but its square root is not. 
Proof. Apply 4.5 and 1.8. 
4.12. Remarks. (i) The ring R[[X, Y]]/(Xl + Y*) is QN by 4.11, but it is not normal: 
compare with 4.9. See also [22]. 
(ii) The ring k[X, yl/(XY) is QN by 1.8 and 4.2.(iii), but it is not locally 
unibranche. Thus the assumption “A a domain” is essential in 4.5 (see also (22)). 
(iii) The ring C[X, yl/(XY(X+ Y+ 1)) is not QN (e.g. by 4.2.(iii)), but it is locally 
QN: indeed its localizations are either normal, or isomorphic to C[V, VJ/(Vv), see 
(ii). Thus 4.7 is false if A is not assumed to be a domain. 
(iv) The above and other examples contained in (221 support the following con- 
jecture: a one-dimensional ring A is QN if and only if it is SN, A/p is LUB for every 
minimal prime ideal p of A, two distinct components of spec(A) meet in at most one 
closed point, and spec(A) does not contain polygons (in the sense of [2, 1.71). If this 
is true then quasinormality localizes, for one-dimensional rings, as it happens for 
one-dimensional domains (see 4.6). 
(v) In [23] it is shown, among other things, that quasinormality does not localize 
in dimension larger than 1, and that a QN surface over an algebraically closed field 
need not be normal. Thus 4.9 is false in higher dimension, and this happens, very 
likely, to 4.5 as well. 
(vi) More results connected with quasinormality can be found in (IS, 16, 191. 
We conclude this section by showing that quasinormality is not preserved by etale 
algebras, not even in dimension 1. Since seminormality is preserved (see 1.6), this is 
due to the bad behaviour of the “unibranch” property. 
4.13. Example (D. Ferrand). Let A = R[X, Y],x, Y/(X? + p). Then A is QN by 4.11, 
but there is a local finite etale A-algebra B which is a local SN non QN domain. 
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To see this observe that A =R(T,i7J~,i_n, and that its integral closure is C[?J(T). 
Put B =A [C/j/(/), wheref( r/) = u + T+ 1. Then B is etale over A by 2.4, and by 0.1 
it follows that B =A[ u/y). Nowfis irreducible (hence prime) over A whence B and 
B are domains. Moreover the residue field of A is R, and the image of fin R[UJ is 
u + 1, which is irreducible. Hence B is local. A similar argument shows that B is not 
local which shows that B is not unibranche, hence not QN by 4.5. Observe that B is 
SN by 1.6. 
5. 
In this section we discuss the two main results of Pedrini [21], concerning the 
quasinormality of a group ring: we simplify the first one and we give two counter- 
example to show that it is nearly hopeless to generalize the second one. 
5.1. Theorem ([21, Teorema 11). Let A be a QN ring conlaining an algebraically 
closed field k, and let II be a finite abelian group whose order is prime to the charac- 
teristic of k. Then A R is QN. 
Proof. Let n = nr x a’. x 7~” where xi is cyclic. If n = 1 we have An = A[XJ/(X” - 1) 
where nr is the order of I[. Since m is prime to the characteristic of k, the polynomial 
X” - 1 is a product of pairwise coprime linear factors in k[A, and hence in A[Xj as 
well. Then An=A x ... xA (m times), and the conclusion follows because 
Pic(R x s) = Pit(R) x Pit(s). The general case follows by induction on n. 
Now we want to discuss another result contained in [21] (Corollary to Teorema 2) 
which we restate as follows: 
5.2. Theorem. Let A be a Dedekind domain and let n be a finite abelian group of 
order m. Then: 
(i) If mA = A, then A II is normal, hence QN. 
(ii) If (O)#pA #A for allprime divisorsp of m, then Alr is QN ifand oniy if mA 
is a prime ideal (in particular m is a prime number). 
Proof. If mA = A, then An is etale over A by 2.5, and hence it is normal by 0.1, and 
QN by 4.2.(i). This proves (i). 
To prove (ii) observe first that if II is not trivial, then A has characteristic zero. 
Thus if mA is a prime idea1 it follows from [21, 1.cit.l that ATI is QN. Conversely if 
A is QN it is SN by 4.2.(ii), and hence A/mA is reduced by 3.1. It follows that A/pA 
is reduced for all prime divisors p of m (see end of the proof of 3.1). Thus we can 
apply again I.cit. to see that mA must be prime. 
Now we show that the two statements of 5.2 are false if A is a one-dimensional 
QN domain, not a Dedekind one. We begin with: 
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5.3. Example. Let B = Z(2), A = B[m] cQ(l/i-T) and let n be the group with 5 
elements. Then: 
(i) A is a local QN domain, and 5A = A. 
(ii) An is not QN. 
Proof. (i) Let k = Z/22 be the residue field of B. Since A/2A = k[Xj/(X+ 1)2 we see 
that A is local with residue field k. Since 13 is prime it follows from [8], 2.6 that 
Z[l/‘iT] is SN, whence A is SN by 1.5.(i) (the seminormality of A follows also from 
19, 1.41). 
Let now D be the ring of integers in Q(n). Since 13 E 5(8) we have that 20 is a 
prime ideal [24, p. 91, Proposition I], whence A = DZD. Then A is a local unibranche 
and SN domain, and hence it is QN by 4.5. 
(ii) Put X5 - 1 =(X- l&Y). Since 5A =A we have that An=A[fl/(XS - 1) 
=A x C, where C=A[Xj/Cf). We claim that C is not QN (whence An is not QN). 
For this we show that C is a local non unibranche domain (see 4.5). 
Since the image off in k[Xj is irreducible and separable (direct computation) it 
follows from 2.4 that C is a local ring and an etale A-algebra. It follows that C is 
reduced and that C=A[a/(f) (see 0.1). 
The residue field of A is k(t), with t2 + t + 1 = 0, and the image J off in k(t)[XJ 
splits into the product of two coprime factors, namely: 
f(X)=(l +tX+XZ)(l +PX+X2). 
This shows that C has two maximal ideals. Hence it remains to show that C is a 
domain or, equivalently, that C is such; and for this it is sufficient to show that f(x) 
is irreducible in D[XJ. Now 5 is not a square mod 13 (direct computation; or use the 
reciprocity law (24, p. 93, Theorem l] to see that 
=l,andsince(T)=($-)=-I,wehave(i)=-1 
as claimed). This implies that 5D is a prime ideal, and the conclusion follows by the 
Eisenstein criterion [ 18, p. 111, 3 1.1 l] applied to f( 1 + Y) and p = 5D. 
This completes the proof. 
5.4. Example. Let B’= T-‘Z, where T is the complement of 2ZU5Z. Let 
R = I?‘[@], and let n be the group with 5 elements. Then: 
(i) R is QN and 5R is a prime ideal of R; 
(ii) S = RR is SN but not QN. 
Proof. We use the same notations as in the proof of 5.3. 
(i) R is SN as in 5.3. Moreover 20 and 5D are prime ideals (see above) and hence 
R and I? have two maximal ideals each. This shows that R is locally unibranche, and 
hence it is QN by 4.5. 
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Finally we have R/5R = (Z/SZ)[XJ/(P - 3) = a field, because 3 is not a square 
mod 5. Hence 5R is a prime ideal, and (i) is proved. 
(ii) S is SN by (i) and 3.1. 
Let now m, n be the maximal ideals of R, and assume mnB’= 2B’and nflB'= 5B’ 
(see above). From the proof of 5.3 we see that there are exactly 3 maximal ideals of s 
above m. Moreover since n = 5R, we see that R,n is a SN local Gorenstein ring which 
is not a domain, and hence it has exactly 2 minimal primes, and its integral closure 
has 2 maximal ideals (3.2, 1.9, 1 .g). It follows that S has 5 maximal ideals, 3 over m 
and 2 over n. The same arguments how that S has 3 maximal ideals (2 over m and 1 
over n), and that they are all non normal. Thus if b is the conductor of S we have: 
h(S/b) - h(S/b) = 5 - 3 = 2. 
Now put X5 - 1 =(X- I‘lf(x). The images of f(x) in (R/m)[Xj and in (R/n)[Xl 
are separable, and hence R[X]/(f) is an etale R-algebra (same proof as in 2.4), and 
R[X'j/(f) is a domain (same argument as for C in 5.3). 
Thus X5 - I is the product of two prime factors, which are obviously not coprime. 
Thus h(S) - h(S) = 2 - 1= I, and S is not QN by 4.2.(iii). 
5.5. Remarks. (i) We do not know what happens in 5.2 if we allow pA =A for some, 
but not all, prime divisors of m. One could try the same approach as in the proof of 
3.1, (ii)=(i), but our feeling is that this method leads to a counterexample, of the 
same nature as 5.3 and 5.4. 
(ii) The above examples show that it is rather difficult to find a reasonable 
generalization of 5.2 to one-dimensional non normal domains. However it might be 
interesting to investigate the case of a higher dimensional normal (or regular) 
domain. 
(iii) In 5.3 and 4.13 there are examples of unibranche local domains having finite 
etale extensions which are not unibranche. This fact is more general: indeed in [12, 
Proposition 3.51, we have proved that a local domain is geometrically unibranche if 
and only if every finite local etale algebra over it is unibranche. The rings construced 
above are, indeed, unibranche, but not geometrically unibranche. 
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